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Abstract. The vector and the axial-vector meson couplings with the vector and the axial-vector currents
respectively at finite temperature were obtained by calculating all the relevant one-loop Feynman graphs
with vertices obtained from the effective chiral Lagrangian. On the other hand, the same couplings were
also derived by applying the method of current algebras and the hypothesis of partial conservation of
axial-vector currents. The latter method appears to miss certain terms; in the case of the vector meson
coupling with the vector current, for example, a term containing the pwm coupling is missed. A similar
situation would also appear for the nucleon coupling with the nucleon current. In this note we resolve these

differences.

1 Introduction

The thermal two-point functions of the vector and the
axial-vector currents are evaluated in [1] from their one-
loop Feynman graphs with vertices given by the effective
chiral Lagrangian of strong interactions [2]. At low, but
not too small, temperature 7', the p meson coupling F),
with the vector current, for example, is found to depend
on temperature as
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Here F; is the familiar pion decay constant, F; = 93 MeV
and g; is the pwm coupling, g1 = .87. Although there is no
strict power counting of momenta according to the number
of loops when heavy mesons are present, the above result
is expected to hold to within an accuracy of about 20%
[2].

Previously, the authors of [3] evaluated the same quan-
tities in a somewhat different way. At low temperature
they expanded the thermal trace over states in the two-
point functions, retaining only the vacuum and the one-
pion state. The forward pion-current amplitude so ob-
tained was apparently evaluated with the method of the
current algebra and the method of the partially conserved
axial-vector current (PCAC), reducing it to a combina-
tion of vacuum two-point functions of the vector and the
axial-vector currents. It allowed them to conclude that the
coupling FpT would change with temperature according to
(1.1), but without the g? term.

A similar situation would arise also in the calculation
of the temperature dependence of the nucleon coupling A

(1.1)
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with the nucleon current [4]. It has been calculated in [5]

as (o ) 7
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by evaluating in the effective theory the one-loop Feyn-
man graphs for the thermal two-point function of nucleon
currents. Here g4 is the axial-vector coupling constant of
the nucleon, g4 = 1.26. If, however, we follow the pro-
cedure of [3] to work out the same quantity by applying
apparently the current algebra techniques, we would miss
the g% term in (1.2).

The evaluation of the thermal part of one-loop Feyn-
man graphs is actually a tree level calculation, as the cor-
responding part of the propagator of a particle (here pion)
contains a mass-shell delta function. Now, at the tree level,
the current algebra plus PCAC approach is strictly equiv-
alent to the method of chiral perturbation theory [6]. One
thus wonders why the two approaches would lead to dif-
ferent results for the temperature dependence of the cou-
plings stated above.

Historically, the idea of PCAC was introduced [7] to ex-
tract the pion pole contribution to matrix elements of op-
erators containing the axial-vector current. At small mo-
mentum k carried by the current, this is the only source of
dominant contribution, as far as processes involving only
pions (Goldstone bosons) are concerned. However, when
there are heavy (non-Goldstone) particles in the process,
there is another potential source of dominant contribution
to such matrix elements, namely the graphs in which the
axial-vector current attaches to an external heavy particle
line. The additional heavy particle propagator so created
can be singular at small momentum k. In fact, this is the
mechanism contributing dominantly to processes of soft
pion emission and absorption [8].

(1.2)
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In this note we rederive the temperature dependence
of F pT and A7 in the framework of current algebra in the
chiral symmetry limit. We begin with the Ward identities
for the relevant amplitudes involving the pion and the cur-
rents. We show that there are indeed heavy particle poles
in the above two-point functions that are as dominant as
the pion pole at small momentum k. In the case of the vec-
tor current, it is the w meson pole in the neighborhood of
the p meson pole, when we consider temperatures higher
than the mass difference of the two mesons. In the case of
a nucleon current, it is the nucleon pole itself, there being
no mass difference here to deal with. It is these contribu-
tions, giving rise to the g? and the g% terms in (1.1) and
(1.2), respectively, that are ignored in [3].

In Sects. 2 and 3 we present current algebra derivations
of (1.1) and (1.2) respectively, where the contributions of
the heavy particle poles are also calculated explicitly along
with that of the pion pole. Our discussions are contained
in Sect. 4.

2 Current algebra derivation of (1.1)

The derivation is based on the thermal two-point func-
tion of vector currents, Vi(x),i = 1,2,3, with which the
p communicates. At low temperature 37! (= T), the heat
bath is dominated by pions. Thus the leading correction
to the p meson propagation is expected to come from its
scattering off the pions. Accordingly the thermal trace is
expanded as [3]
Tre™ 5HTVl(a:)V7( )/Tre PH
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where n(k) = (e®¥l — 1)~1 is the distribution function of

the pions. T also denotes the time ordering of all operators
that follow it. (-« -)conn is the connected part of the matrix
element. The first term gives the p pole in terms of its
mass and coupling in vacuum. To find their changes at
finite temperature to leading order, we use the method of
current algebra to extract the leading terms of the pion
matrix element at small k.
The appropriate Ward identity follows from the mo-
mentum space amplitude
Wmnl] (q7 k? q/7 k/)

apv
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describing the scattering process shown in Fig. 1. As usual,
we contract it with k% and integrate by parts with respect
to z and ignore the surface term to get

kawmnzg (q’ k, q/’ k/)

apy
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Fig. 1. Amplitude W75 (g, k, ¢, k') describing the scattering
m(k") + Vi (¢') — Aa(k) + V,.(g). Isospin indices are omitted
in the diagram

/d4zd4 d4 / 1k zelqzeflq -z’

02 (O[T AZ (2)Vy () () |7 (k). (2.3)

Since the axial-vector current is conserved in the chiral
limit, the divergence operator gives non-zero contributions
only when it acts on the theta functions in the definition
of the time-ordered product, giving

92 (0ITAG (2)Vu(@)V (2) |7 (k')
= (20 — 20){0|T([AF" (2), Vi (@)]V{ (")) =" (k)
+ 020 — 20) (0T ([AF" (2), Vi ()]Vyy (@) 7" (k).

The equal time commutators of currents are given by the
current algebra,

(A5 (2), Vi (@)]z0=a = i€™ A}, (2)0° (2 — @) .

Also using translational invariance to remove one more
integration in (2.3), we get the Ward identity as follows:

L& Wm'm]
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(2.4)
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To find the leading (constant) piece in k*WZ77" in
the limit £ — 0, we need only to calculate the terms in
Wi that are singular in this limit. One such term is, of
course, the 7 pole contribution, as shown in graph (a) of
Fig. 2, that can be readily evaluated by inserting the pion
intermediate state in the matrix element of (2.2),

ko‘ngﬁ” SRS

e R Yy
x / Atz (™ (k) TV (2)VE (0)a™ (K)),

(2.5)

where F; is defined by
(0147 (2)|7" (k) =

As we shall show below, there is another finite contribution
to KW/ as k* — 0 due to the w pole in the vicinity

auy
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Fig. 2. Singular contributions to W;’;ﬁ,ij (¢,k,q', k") as k, K" — 0, when the vector currents are coupled to p meson

of the p pole. Denoting this contribution as

kanni] _> (27r)454(q k- q/ —k )ko‘f{ngJ(q’]{j,k-/)7

auv auv

the Ward identity (2.4) gives the result
P [ dtaot (am (0)]TV, ) V2 0)" ()

_ il / d*zel @R (| T AL (2)VI (0)|7"(K))  (2.6)
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The first two matrix elements on the right of (2.6) can
be reduced to vacuum matrix elements, again by using
Ward identities. Thus for the first one we define the am-
plitude

ng:f] (q,k, k") (2.7)
/d4z/d4ace_‘k -2’ 1(k+q <0|TAl( )V (O)Ag(z’)|0>

One proceeds exactly as before by contracting wgzn:j with

k'8. Here the pion pole is the only dominant contribution
at small k', so that the Ward identity for this amplitude
becomes

/ d*ae 607 (0| T AL () V7 (0) 7" (k)
_ 6nll /d4xeiq I<O|T‘/;i (.I‘)VVJ(O)|O>
n Enjl’/d4xei(q+k)'m<0|TAft(x)A5(O)‘O>. (2.8)

A similar equation holds for the second matrix element on
the right of (2.6). We thus get from (2.6) the pion matrix
element in (2.1) as

/ dhzet® S (wm () TV (2) V3 (0) ™ (k)

4 .
=7 d*ze!?(0|TV,i(2)V (0)[0)
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1
+ FkaRy/Lu( ) (29)

The remaining task is to evaluate the w meson pole
contribution, shown in graphs (b;) and (bs) of Fig. 2. How-
ever, we do not evaluate them as Feynman graphs with the
intermediate lines as propagators, but insert intermediate
states in the spirit of the method of current algebra, as we
already did with the pion pole extraction in (2.5). Noting
the quantum numbers of w, it is given by

Wmnl] <q7 ]f, q/7 k/) il

auv

4,14 4/1k21ac—1 T d4(]1
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1 w

+crossed term. (2.10)

Its correction to the p pole is obtained by isolating this
pole at the vector current vertices. Then extracting the
coordinate dependence by translation invariance, we can
integrate over the coordinates to get delta functions in
momentum, which are then removed by intergals over the
intermediate momenta. We thus get

mnij “HR
Wow' —

>

01,02,03,b,c

x(p"(q, 02)| A (0)|w(q + k,01))
x(w(q + k,o0)|7"(K'), p°(¢', 03))
x(p°(d',a3)|Vi (0)|0)

13

X
(¢> —=m2)(¢? —m2){(¢ +k)* —mZ}
+ crossed term.

(0IV(0)lp"(q, 2))

(2.11)

To evaluate the matrix elements in (2.11), we write
the relevant pieces of the effective Lagrangian based on
the chiral symmetry of QCD. In the notation of [2], these
are

1 FV % v \/g SN o
T\/ﬁmi‘/(‘/uv )+ Tglewpg(V” {VPu}).
(2.12)

Here the fields are all 3 x 3 octet matrices. V' denotes the
vector meson fields and V#* their field strengths. The field
strengths f1” (and f"") are those of the external fields,

Eint =
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’ui and az, with which the vector and the axial-vector
currents are coupled in the QCD Lagrangian. u* is related
to the covariant derivative of the pseudoscalar (Goldstone)
fields. All these matrix valued fields transform only under
the unbroken subgroup of QCD. Taking the trace denoted
by (---), the above terms are actually invariant under the
full chiral symmetry group. Restricting to terms needed in
our calculation, (2.12) gives immediately the vector and

the axial-vector currents in the effective theory [uggv =
(Opu)v — ud,v],

A
V; = FpmppL ) A, = _gleuux\aw'uayp 27

g

and also the pw interaction,

1 <= . .
ieuonw;taupALaoﬂz,

£pw7r = F

where the symbols denote the corresponding fields. Then
we have for the matrix elements

<O|V;(O)|pb(qv 0—2)> = (;iprmpe,u(qa 02)7
(p°(q, 02)| A (0)|w(q + k,01))
= 16" greuna(2q + k) €M (g, 02)e (g + k, 01),

where €/(q, o) is the polarization state of the vector meson
with momentum ¢ and spin projection o = (1,0, —1). The
remaining matrix element is a S-matrix element, which to
first order in perturbation expansion is

(w(g + k, o)™ (K), p°(d', 03))
= (27r)46(q +k—q — )(5"01—ew>\0(2q + 2k — k')
xK'7Nq , 03)e" (g + k, 01).

Inserting these matrix elements in (2.11), we can carry
out the sums over the polarization states of the vector
mesons. After a little simplification, we get

kaRU

auy

2
- cid g1 Ap,l/
— _4i6 (L) ey
1 <ﬂ>(f—m%

1 1
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where the Lorentz tensor A, is given by

(2.13)

A;w(q, k) = Gaﬁvueg’y/yqﬁqﬁ/k7k7'
= (0.k)2 g + Pkuky — (0.5) (kuqo + ko),

in the chiral limit (k* = 0). We can now write the complete
result of our calculation as

i / d4xeiq'ITre_BHTV; (z)VI(0)/Tre PH
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S. Mallik: Current algebra derivation of temperature dependence of hadron couplings with currents

47

4 gz i j
+ ng d*2e'(0[T Aj,(7) A7,(0)]0)
2 2 2
i (9 (¢° —my)
oVl =) 2.14
e (F,r> (¢® — mg + ie)? ( )

&3k n(k) A(g, k)
X/k%wmmwww@+mﬁ—«mMT

where we reinstate ie to define the poles and

7= | o

To proceed with the evaluation, we have to take note
of the kinematics of the thermal two-point functions. Any
such function can be decomposed into two invariant am-
plitudes. We now set ¢ = 0 with g9 = F, when the two
amplitudes as functions of F become related to each other.
Thus it suffices for us to consider, for example, the trace
of the two-point function in its Lorentz indices. The free
p pole term in vacuum then reads

d*kn(k)  T?
2|k:| Y

. ) . SU(F 2
i / diwel®® (0|TV (x) V' (0)[0) % (2.15)
P

Next we find this trace for the third term on the right
in (2.14) in the vicinity of the p pole. If we ignore the
mass difference between p and w mesons, it can be im-
mediately evaluated to reproduce the g7 term in (1.1). In
the realistic case with Am = m,, —m, = 12MeV!, it is
useful to note that the k-integral is essentially cut off at
|k| = T, because of the pion distribution function present
in it. Thus if we are interested in the behavior of FpT for
temperatures larger than Am, as is usually the case, we
can again ignore Am to leading order to get (1.1). But
for temperatures small compared to Am, the k-integral is
O(T*) and the g7 term will not appear in (1.1).

3 Current algebra derivation of (1.2)

The properties of the nucleon can be studied by construct-
ing a nucleon current 1% (z) out of the quark fields, hav-
ing the quantum numbers of the nucleon [4]. Here a, b, - - -
and A, B, - - - denote respectively the isospin and the Dirac
spinor indices. To study its properties at low temperature,
we again expand, as in the case of vector currents, the
thermal two-point function of nucleon currents,

5(0)/Tre™ "M,

in terms of the vacuum and the one pion state, and apply
the method of current algebra to estimate the resulting
pion matrix element of these currents,

> B0)[7™(k)),

m

Tre PHTn% (2)7 (3.1)

(k)| T ()7 (3.2)

! Working in the chiral limit, we should take Am in this limit,
which is even smaller than its physical value written above [9].
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for small pion momenta in the chiral limit. As expected
the calculation is similar to the earlier one with vector
currents, except for the fermionic nature of the nucleon
current.

The required Ward identity follows from the amplitude

235 o,k K
/d42d4 d4 llkz lp:E —ip’ -z’
4 (@) (0)|7" (k).

x(0|TA™(z)n (3.3)

Again using the axial-vector current conservation and the
equal time commutation relation,

[A5"(2), n (x)}z()(l:fo
—— () oacre@s: o).
we follow the steps as before to get the Ward identity,
KCZIRE = —i2m) 6t (p+ k—p' — K)
h [(T;>ac (15)ac [ dizelPth)e
(0| T ()3 (0)| 7" ("))

+ / d*ze'P®
-

m\ cb
X (0] '3 ()1 (0) 7™ (k1)) () ('75)CB‘| :

(3.4)

2

The dominant contribution to Zm”ab at small k, k" arises
from the pion and the nucleon poles Denote the latter
contribution as

Zmnab

mnab Ny )it (p 4+ k —pf — K)STE(p, k, ) .

The forward scattering amplitude (3.2) can now be ob-

tained as
/ d*zel? 'I

- 32 / el (O[T ()10

3
2F2

" (k)| T ()i (0) 7™ (k)

dtae'” (0|75 ()ii3|0)

+ 7kaSa AB(pa k)z (35)

where 1 = 5.

It remains to evaluate the contribution of the nucleon
intermediate state to Z&”ﬁan’ Of course, it must be inserted
twice more to couple it to the nucleon currents. We get
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mnab
Z ,AB

2
01,02,03,¢,d,e
< (N(p, 02)|AZ(0)[N(p + k, 1))
X(N(p + k,01)IN(p/, 03), 7" (K'))
X(N(p', o3)|(0)]0)

13

(p? = mR) (P2 = m{){(p + k)2 —m3}
+crossed term.

(0ln% (0)| N (p, 02))

X

(3.6)

The coupling of 1 to nucleon is given by the matrix ele-

ment

(04 (0)|NU(p, o)) = 6* Nua(p, o) ,
where u(p, o) is the Dirac spinor of the nucleon. The piece
in the effective Lagrangian L;,; = %gA@[M/i%z/) gives the
nucleon contribution to the axial-vector current and the
mNN coupling. We then have

(NU(p, 02)| AT (0)|N“(p + k, 01))

1
= —gat(p, o2)Vavsu(p + k, o)X 7™y,

2
(N°(p+ k,01)IN“(p', 03), 7" (k)

= 5+ k= =) () alp+ ko)

<K ysu(p', o) T,
where the x denote isospin states of the nucleon. Inserting
these matrix elements in (3.6) and carrying out the spin
and isospin summations, we get

S
)‘2931 1o
~ar (PP mE W+ m)las
i3 at._m_n_ b
LR (- T
+ crossed term. (3.7)

We evaluate it in the forward direction for p = 0 and set
po = F to get

1 o a
Ek Sab
Aga i3
— 5ab A Lk s
9 (304) o+ G+ )
X ! + ! (3.8)
p?—m%+2p-k  p?—m3% —2p-k '
A2g2\? 1 1
— @ ab A 1 )
616 <2Fﬂ> =51 +%), (3.9)

in the vicinity of the pole. Inserting the results (3.5) and

(3.9) into an equation similar to (2.1), the corrections
change the free pole term in vacuum,

A1

CE—m+ie 2( %),

to one with \ replaced by AT given by (1.2).
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4 Discussion

In this work we use the method of current algebras to
derive the temperature dependence of certain couplings,
that have already been worked out with chiral perturba-
tion theory [1,5]. Basic to the former approach is the ex-
traction of terms of the appropriate amplitudes containing
the axial-vector current operator, that are singular as the
momentum carried by this operator goes to zero. Gener-
ally speaking, the use of PCAC can incorporate in the
calculation only a part of such singular pieces, namely
those due to the pion pole. But there can be other singu-
lar pieces in the amplitude from heavy particle poles also,
that must be calculated separately. The calculation of the
authors of [3] is incomplete in that it does not take the lat-
ter contribution into account, explaining the discrepancy
between their results based apparently on current algebra
and PCAC, and that of the effective theory.

In the case of the two-point function of vector currents,
the contribution from the w meson pole can be as domi-
nant as the pion pole in the neighborhood of the p meson
pole. To be specific, it brings in a small scale Am in the
expression. For temperatures small compared to Am, the
w meson contribution is O(T*), changing the mass and
residue only to this order. As T increases past a narrow
transition region around 7' = Am, the behavior changes
over to O(T*?), when F[ is given by (1.1). A similar re-
sult holds also for the axial-vector meson a; [1]. For the
two-point function of nucleon currents, it is the nucleon
pole that must be included. Here the situation is simpler,
as there is no mass difference in the problem. Accordingly
AT is given by (1.2) for all temperatures.

It is interesting to compare here this old method of
current algebras to its modern development, namely that
of effective field theory. The Ward identities used in the
former method relate amplitudes with different numbers
of pions, while in the effective theory one calculates the
amplitudes directly in the perturbation expansion. When
one is in need of vertices involving heavy particles in a
current algebra calculation, one has, however, to turn to
the effective chiral Lagrangian. The insertion of interme-
diate states is rather clumsy when compared with the use
of propagators in the effective field theory. Also the two
terms in (2.13) and (3.8) can be obtained neatly from the
mass-shell delta function in the temperature dependent
part of the pion propagator [1,5]. Thus even at the tree
level, at which current algebra works, one cannot but ap-
preciate the technical and conceptual superiority of the
method of effective field theory.

S. Mallik: Current algebra derivation of temperature dependence of hadron couplings with currents

Acknowledgements. The author is grateful to Prof. H.
Leutwyler for suggesting the method of calculation presented
here. He wishes to thank the members of the Institute for The-
oretical Physics at the University of Berne for their warm hos-
pitality. He also acknowledges support of CSIR, Government
of India.

References

1. S. Mallik, S. Sarkar, Eur. Phys. J. C 25, 445 (2002)

2. G. Ecker, J. Gasser, H. Leutwyler, A. Pich, E. de Rafael,
Phys. Lett. B 223, 425 (1989);
G. Ecker, J. Gasser, A. Pich, E. de Rafael, Nucl. Phys. B
321, 311 (1989)

3. M. Dey, V.L. Eletsky, B.L. Ioffe, Phys. Lett B 252, 620
(1990);
V.L. Eletsky, B.L. Ioffe, Phys. Rev. D 47, 3083 (1993); D
51, 2371 (1995)

4. B.L. Ioffe, Nucl. Phys. B 188, 317 (1981);

Y. Chung, H.G. Dosch, M. Kremer, D. Schall, Nucl. Phys.

B 197, 55 (1982)

H. Leutwyler, A.V. Smilga, Nucl. Phys. B 342, 302 (1990)

6. H. Leutwyler, Principles of chiral perturbation theory,
Lectures given at the Hadrons 94 Workshop, Gramado,
Brazil, 1994

7. M. Gell-Mann, M. Levy, Nuovo Cim. 16, 705 (1960);
J. Bernstein, S. Fubini, M. Gell-Mann, W. Thirring,
Nuovo Cim. 17, 757 (1960)

8. Y. Nambu, D. Lurie, Phys. Rev. 125, 1429 (1962);
Y. Nambu, E. Shrauner, Phys. Rev. 128, 862 (1962);
S. Weinberg, The quantum theory of fields, vol. II (Cam-
bridge University Press, 1995) p. 174;
J.J. Sakurai, Currents and mesons (University of Chicago
Press, 1969) p. 102

9. J. Gasser, H. Leutwyler, Phys. Rep. 87, 77 (1982)

ot



